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Abstract 

In this paper, Berlekamp and Woolfe’s analysis of Go endgames is surveyed. Firstly, we 
introduce Go and its connection with combinatorial game theory, which is a branch of 
discrete mathematics. Basics of combinatorial game theory is covered ， including  
notations of simple games, techniques of simplifying games and common operations of 
games.  Then the method to work out go endgame values, and the formula to calculate 
two types of corridors are introduced. Finally, a very close Go endgame position on a 9 × 
9 board is analyzed so that we find out the winner of the game and the optimal playing 
strategy. 
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1. Introduction 

1.1. Introduction of Go 

Go is an Asian 2-player game with a history longer than 3000 years. Two players, holding white 
and black stones, take turns placing stones on grids of a 19 × 19 board(9 × 9 and 13 × 13 are 
less common). It is renowned for its complexity because a minor change of one move at the 
opening can lead to very different variations in the game.  The number of theoretically possible 

games is between 1010
48

 and 1010
171

 [1].  

 
Figure 1. One game played by the author, in which white won. 

1.2. Rules of  Go 

The complete rules of Go are complicated but knowing the following rules is enough to read 
this essay and derive a basic understanding of Go. 
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Black moves first. Black and white take turns placing chess on the board until one player resigns 
or two players both agree that the game is over. A modified version of this rule mentioned in 
1.3.  

The player who occupies more territory on the board wins the game. In Japanese rule, one’s 
territory is counted as the spaces surrounded by one’s stones; in Chinese rule, one’s territory is 
counted as the sum of one’s stones plus spaces. However, in mathematical Go, we have slightly 
different rules for counting territories, which will be covered in 1.3.  

 Since Black gains an advantage going first, he will give compensation points to white, which is 
known as “Komi”. 

Once all grids adjacent to (up, down, left and right, not diagonal) one or several stones 
connecting to each other are occupied by stones of the other color, or in other words, the 
“liberties” of a group of stones is zero, these stones should be removed from the board, or 
“captured”.  

It is illegal to put a stone in a situation in which it has zero liberties and it does not capture any 
stones adjacent to it.  
1. In real games, players are allowed to “pass” for no reason, which means skipping their move. 
However, it is forbidden in mathematical Go so the game can be analyzed by combinatorial 
game theory [2].  

1.3.   Introduction of  Combinatorial Game Theory and the use of it to analyze 
Go 

Combinatorial Game theory studies games with the following features[3]: 

There are 2 players, usually known as left and right, who move alternatively in the whole game.  

There is a starting position and many possible positions. 

There is a clear definition for each legal move.  

There is complete information for both players.  

There are no chance moves.  

The game always goes to an ending position in which no one can move. 

In the normal play convention, the player who cannot move loses 

In the game of Go, black is left and white is right.  

Go fails 7 because the outcome of Go is determined based on the territory owned by each player. 
We need to modify Go rules to make it a combinatorial game.  

If we assume that when a Go game is finished, instead of counting territory using Chinese or 
Japanese rules, 2 players continue putting stones on the board until someone cannot do so and 
loses, we turn Go into the category of combinatorial game theory.  

We first look at positions that are usually considered finished to help our following analysis of 
endgame positions. 

                    
Figure 2. Position with value 5        Figure 3. Position with value 2 

 

Take two groups of alive and immortal black stone, which means they will not be captured 
despite what black and white’s moves are, in figure 2 and 3 as examples. They have 5 and 2 
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spaces inside of them, which means they have a value of 5 and 2 respectively because black can 
put stones in these spaces and prevent him from losing. The value is determined by how many 
more moves black is ahead of white.  

Another important rule in the mathematical rules is that a player may “pass,” or be seen as 
having one more move, by giving up one of their prisoners [4].  In other words, when a player 
captures one stone, he can choose to spend a move on taking the stone out of the board.  

 
Figure 4. Position with value 3 

For example, in figure 4, the game has a value of 3 for black instead of 2. This is because 
compared to the situation that there are 2 spaces inside black stones in figure 3, white can 
spend a move putting a stone inside of black, while in figure 4 he cannot. So black gets one 
compensation point for one white stone inside of it.  

 

 
Figure 5.  General position with white stones 

 More generally, a closed black corridor with s white stones inside, and d spaces between black 
and white stones, has the value of d+2s. This can be seen as white putting s stones in an empty 
corridor with a value of d+s. To compensate black, it receive s additional points, so it is d+2s 
[4].  

2. Combinatorial game theory basics 

In combinatorial game theory, one of the most important issues is always using a number to 
represent a game, which allows us to analyze games in a mathematical approach, and carry out 
simple operations such as addition, or more complex techniques like chilling. All knowledge in 
section 2 is summarized from Winning Ways for Your Mathematical Plays, Volume 1 [3]. 

2.1. Introduction of game values 

The value of a game G contains all information we need to discover the outcomes of the game, 
as well as how significant a player’s advantage is at a position.  

G = 0, if whoever moves first loses the game.  

G ||0, or “fuzzy with 0”, if whoever moves first wins the game. 

G> 0, if left wins no matter going first or second. 

G< 0, if right wins no matter going first or second.  

Knowing G>0 is enough to know that left will always win, but not enough to know how big his 
advantage is over right. Numerical G values can help us find it out. We see a positive number as 
how many moves are left ahead of right, or how big the advantage of left is. Remember in 
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combinatorial games the player who cannot move first loses the game. So a game with a value 
of 5 means the left player is 5 moves ahead of the right player. In other words, in a game with a 
value of 5, such a situation will happen at some point: if right moves first, he still gets four moves 
left; if left moves first, he already has no moves and loses the game immediately.  

So we have 5 = {4| }, in which the left of the vertical line inside the bracket indicates the game 
position after left’s move, while the right space indicates the game position after left’s move 
does not exist because right loses.  

Any combinatorial game G can be represented in the form G = {GL|GR}, in which both GL  and GR 

are  two sets of combinatorial games, each representing the choices for each player.  

The game value can be a fraction when the advantage is bigger than 0 but smaller than 1. For 
example, game {0|1} has a value of a half.  

Games can also have infinitesimal values, which are numbers that are infinitely close to zero 
but do not equal to zero. For example, {0|0} does not equal to zero because the first player that 

moves can win the game, but it is smaller than lim
𝑛→∞

{0|
1

2𝑛
}, so it is smaller than any positive 

number.  

2.2. Table of notations 

For simplification, we use signs to represent some common games, and they are included in this 
table.  

Mathematical notation Name  meaning 

* star {0|0} 

↑ up {0|*} 

↓ down {*|0} 

⧾x  tiny {0|{0|-x}} 

⧿x miny {{x|0}|0} 

 

2.3. Simplifying games 

2.3.1 Simplicity rule  

A game of G = {p|q}, in which p<q and they are not infinitesimally close, always has a value of 
the simplest number between p and q. It equals 0 if 0 is in between, or the smallest integer in 

between if it exists, or 
1

2𝑛
 . 

2.3.2 Reversible moves 

If in a game G  = {A, B, C, D ...|E, F, G, H...},  

in which A, B, C, D... are options for the left and E, F, G, H...options for the right, there is an EL 
that is at least as good as E for left, and that EL = {J, K, L...|M, N, O...}, then the game can be reduced 
to G  = {A, B, C,D ...|M, N, O, F, G, H...}.  

This is because whenever right moves game G to E, left can always move to EL,so right faces 
options M, N, O... We can simplify the game by replacing E by M, N, O... 

2.3.3 Dominating moves 

In a game  G = {GLA, GLB, GLC|GRA, GRB, GRC} if GLA >GLB>GLC,  the game can be  simplified to G = {GLA, 

GLB, GLC|GRA, GRB, GRC} because it will be not wise for left to move to  GLB or GLC, which will give 
him smaller advantage. Similarly if  GRA<GRB<GRC, the game will be simplified to  G = {GLA, GLB, 

GLC|GRA} because right would like to move to a smaller value, which means a bigger advantage 
for him. 
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2.4. Common formulas of games 

If G = {GL| GR} and H = {HL| HR},  

G + H = {GL+ H, G + HL| GR + H, G + HR} because for left it has two options: either to play in G and 
move the game into GL+ H, or play in game H and move the game to G + HL. It is similar for right.  

-G = {-GR| -GL}, which is easy to understand because it can be seen as left and right exchange 
with each other. So the options which used to be right’s are now left’s, and their values change 
sign. 

Number avoidance theorem: If n is a number, and G is not, then the optimum play in G + n is in 
G. 

Example: 

Consider n + * , where n is a number. Since the optimum play must be in * = {0 | 0 }, then the 
optimum play must be to n+0 = n, for either player. Thus n+* = {n | n}. This is also a useful 
conclusion.  

3. Go endgame values 

Although Go can be analyzed by combinatorial game theory, the astronomical number of 
possible consequent games of a position in the opening and middle of the game makes it nearly 
impossible to analyze. Only the endgame of Go, in which the huge amount of possible positions 
are lessened to a smaller scale, and the big 19 × 19 board is separated into several smaller 
subgames, can be analyzed.  

3.1. Conditions of the endgame 

The situation of “Ko”, which represents a repeating position in Go, will not be analyzed in this 
essay because its existence causes subgames to affect each other. Endgame positions that 
involve life and death problems, which means players need to avoid their stones being captured 
when moving, will not be included either.  

3.2. Chilling 

For a game G = {GL|GR} in which GL has a bigger value than GRcooled by non-negative number t, 
Gt = {Glt-t|GRt+t}[5].  

Cooling by t is actually adding a tax for each player to make a move. In Go, the tax t is always 1.  

However, if there is a nonnegative number r<t that Gr is infinitesimally  close to a number x, 
then the chilled value of this game is x.  

For example, the value of game G = {4|{2|1}}cannot be further reduced using the techniques 
mentioned in section 2, which means it is already in its canonical form.  

After chilling by 1, the game is G = {4|2-1|1+1} = {4|1
1

2
}.  

Repeat the process two more times, we have G = {4-1|1
1

2
+1}  = {3|2

1

2
} = {3-1|2

1

2
+1} = {2|3

1

2
}.  

The simplest number in between is 3. So the chilled value of G = {4|{2|1}} is 3.  

Actually, all positions in Go cannot be represented by a number. According to the number 
avoidance theorem, players avoid playing in a number because a number s has the form {p|q}, 
while p<s<q. It means both left and right players’ situations will be worsened after their move 
in this game. However, Go is a game in which players benefit from more moves in most cases. 
Playing first in every subgame is advantageous, although the points gained differ. Therefore, 
none of the subgame is a number.   

It will be extremely inconvenient to express subgame in forms like {*|-1}, and it makes 
analyzing their sum very hard. That is when Chilling - a tool that can simplify these forms - is 
needed.  
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3.3. Corridor values 

3.3.1 Empty corridor 

A shape that looks like a corridor, as the picture below shows, frequently appears in Go 
endgames. However, the vacant space in between, or the length of the corridor, differs from 
each other. Therefore, determining their values is especially helpful for playing Go endgames.  

 
Figure 6. Example of a corridor 

Assume the corridor of length n has a chilled value of C(n). 

 
Figure 7. Corridor of length 0 

Let’s first look at the case that the length of corridor is 0. Obviously, C(0)=0,  because neither of 
the players can make a move.  

 

 
Figure 8. Corridor of length 1 

When the length of the corridor is 1, it is the situation called “dame”, and either left or right 
moves first will lead to the zero position.  

Therefore, the value of the game is {0|0} = * 

C(1) =  {0-1|0+1} = 0 

 

  = { | } 

Figure 9.  Outcomes of a corridor of length 1 

If  the length of the corridor is 2,both players have 2 choices to place their stone. If black moves 
first, it is obvious that moving at b dominates moving at a, as the black can occupy more 
territory, which is one point at a. Similarly, it is also better for white to move at a than b. If white 
moves first, he changes the game to dame.  

The unchilled value is {1|0} 

C(2) =  {1-1|0+1} =
1

2
 

 = { | } 

Figure 10. Outcomes of corridor of length 3 

Similarly, when the length of the corridor is 3, the  left’s move first leads to 2 points for black, 

and right’s move first makes the game to corridor of length 2, which has a chilled value 
1

2
 

So we have {2|
1

2
} as the unchilled value.  

C(3) = {2-1|
1

2
+1} = {1|1

1

2
} = 1

1

4
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We find that there is a pattern for the black corridor values as n gets bigger.  

C(n) = n-2+(
1

2
)n-1 

We can prove it through induction: 

C(0) = 0-2+(
1

2
)0-1= 0 

For corridor with length n+1， its unchilled value is always {n|C(n)} 

C(n+1) =  {n-1|C(n)+1} = {n-1|C(n)+1} = {n-1|n-2+(
1

2
)n-1+1} = {n-1|n-1+(

1

2
)n-1} = n-1+ (

1

2
)n-2 

Using the formula and substituting n+1 to n, we can have the same result 

C(n+1)  = n+1-2 (
1

2
)n+1-2=  n-1+ (

1

2
)n-2   [4] 

Therefore, we prove our formula.  It also fits our intuition because as the length of black 
corridor increases by 1, the chilled value of the game also increases by approximately 1.  

3.3.2 Corridors with stone to be saved 

There is also a common type of corridor, in which stones of the opponent are to be saved. We 
define the value of a corridor with s stones to be saved at a depth of d as CS(s, d).  

 
Figure 11. Example of corridor with stones to be saved 

We can deduce that compared to corridors without white stones to be saved, the above game 
has a smaller value. However, we should also assume the difference is very small.  

As the corridor increases and there are more stones to be saved, it will be very difficult to 
express these values even with chilling. Therefore, we introduce another group of infinitesmal: 
tinies and minies, expressed as ⧾x and ⧿x.  

⧾x is defined as {0|{0|-x}} and ⧿x is {{x|0}|0}.  

We break up the case in the figure above to find out its value.  

={ | } 

={ |{ | }} 

Figure 12. Outcomes of a corridor of value CS(2, 2) 

If white moves twice, it will turn to the zero position. If right moves first, he gets 5 points(3 
spaces add 2 white stones), and if he respond to first move of white he earns 4 points.  

So we have CS(2, 2) = {5|{4|0}}  

After chilling,  CS(2, 2)  = {5-1|{4-1|0+1}+1} = {4|{3|1}+1}  = {4|{4|2}}  

We can assume that black already owns 4 points, so that his move to 4 is seen as moving to 0. 
Therefore, we can take 4 out for every option left and right have, which is  

4+{4-4|{4-4|2-4}} = 4+{0|{0|-2}}= 4+⧾2.  

With longer corridors, more 0s will appear so we define {0n | G} to simplify the situation. For 
example, 04 = {0|{0|{0|{0|G}}}} 

Using mathematical induction, we can prove the formula for the value of this type of corridor 
as well. 

We know that CS(0, 0) = 0.  

Assume CS(s, d ) = d+2(s-1)+{0d|-2(s-1)}   
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For a black corridor CS(s, d+1), if white moves first, he will intrude into the corridor, so that the 
length of the corridor decreases to d, yielding a value of CS(s, d). If black moves first, he will 
block the entrance of corridor, which gives him d+2s points as shown in 1.3.  

Therefore,  CS(s, d+1) = {d+2s|CS(s, d)}  

Using chilling,   CS(s, d+1) = {d+2s-1|CS(s, d)+1} 

= { d+2(s-1)+1| d+2(s-1)+{0d|-2(s-1)+1} 

Take out d+2(s-1)+1, it equals to 

 d+2(s-1)+1 + {0|{0d|-2(s-1)+1}} =  d+2(s-1)+1 + {0d+1|-2(s-1)+1} 

Substitute s, d+1 into our formula, we can have the same result.  

CS(s, d+1) = (d+1)+2(s-1)+{0d+1|-2(s-1)} [4] 

Therefore, we prove our formula inductively.  

4. Analyzing a specific Go endgame 

 
Figure 13.  A very tight Go endgame position on a 9 times 9 board [1]. 

4.1. Preparation 

We will analyze how to find the best moves for this position, which is a very close situation, and 
a minor mistake will reverse the result. There is no “komi”(compensation points given to white) 
in this game.  

The most common way to analyze a game in combinatorial game theory is to first separate the 
whole game into several subgames, then assign a value for each game, and sum them up to 
derive the overall value of the game. This overall value can be used to determine the outcome 
of the game, given that both players play with the best strategy. Value of each subgame tells the 
best strategies.  
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Figure 14. Seven subgames 

As shown, the endgame is divided into 7 subgames A-F. These games are separated and 
independent of each other without ko and life and death problems.  

4.2. Analyzing subgames 

Firstly, game A will be analyzed.  

 
Figure 15. Game A 

It is the case of corridor of length 2, but it is a white corridor instead of a black one so we need 
to substitute  n=2 into our formula and reverse the sign.  

A = -[n-2+(
1

2
)n-1] = -[2-2+(

1

2
)2-1] =- 

1

2
 

Using the same method, the chilled value of B and C can be found, which are identical.  

 
Figure 16. Game B 

B is the case that the corridor has a length of 3.  

B = C= n-2+(
1

2
)n-1 = 3-2+(

1

2
)3-1= 1

1

4
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={  |  }      

Figure 17. Outcomes of game D 

Game D is the case that there is one stone to be saved in a length 1 corridor. 

If black moves first and capture one white stone, it will have a value of 2; If white moves first 
and save the white stone, it will be zero position. So we have D = {2|0}  

After chilling, it is {1|1} = 1+* 

 ={ | }  

= { |{ | }} 

Figure 18. Outcomes of game E 

Game E is similar to game D, but the length is 2.  

Using our formula, E = d+2(s-1)+{0d|-2(s-1)} = 2+0+{{0|0}|0}=  2+↑ 

We can test it: if black moves first, it moves to the situation of value 3, which is the same 
situation at the beginning of the essay. If white moves first, either the next move of black 
captures the white stone and yields value of 2, or white moves again and turns to zero position.  

So we have E = {3|{2|0}} 

After chilling, E = {2|1+*+1} = 2+↑ 
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Figure 19. Game F 

Game F is the case of length 3.  

F =-[ d+2(s-1)+{0d|-2(s-1)}] = -[3+0+{{{0|0}|0}|0}]=  -3+↓↓* 

= { | } 

Figure 20. Outcomes of game F 

 

Game G is complicated. It is a room instead of a corridor, but rather a simple room.  

Once black blocks, they cannot make more moves in this subgame. However, if black does not 
move and white moves, he can enter the corridor，and black can only occupy fewer and fewer 
spaces, from 4 to 2. 

G = {4|{3|{2|K}}} 

 

      
Figure 21. Three positions in which white intrudes in the corridor 

K= ={ | } 

Figure 22. Game K  

In K, whatever black or white moves first, it turns to a dame position of a value *.  

So K={*|*} = 0 

Game G ={4|{3|{2|0}}} 

Using chilling,we can break the brackets one by one.  

Firstly, {2|0}=  {2-1|1+1} = {1|1}=1+* 

Substitute it back into G and use chilling again, we have 

G ={4|{3-1|1+*+1}} = {4|{2|2+*}} ={4|2+{0|*}} = {4|2+↑} 

After one more chilling, we have 

G ={4-1|2+↑+1}={3|3+↑} = 3+  {0|↑} 
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=3+  ↑↑*   

4.3. Analyzing the overall game 

 
Figure 23. Whole game marking the integer values 

Before adding the value of the seven games, we can first look at the integer part of black and 
white.  

Adding the integer part of game A to G and the white dots from other areas, we have 

1(B)+1(C)+1(D)+2(E)+3(G) +4 = 12 points for black, and  

-3(F)-3-6=-12 points for white, in which the bracket shows which game the points come from.  

Therefore, as 12-12 = 0, all integer values cancel out.  

We can then look at the fraction parts of games A to G.  

It is equal to 

 - 
1

2
(A)+ 

1

4
(B)+

1

4
(C) = 0  

The fraction part also cancels out.  

Finally, we look at the infinitesimal part of the game. We can notice that F has ↓↓* and G has ↑↑*, 
which add up to ↓↓+↑↑+(*+*) = 0 

We found that all games cancel out except the infinitesimal part of game D and E, which has a 
value of ↑ and * respectively. In other words, the entire go endgame position has a value of ↑ + 
*. 

Using the technique of addition introduced in 2.4, we have 

G = ↑ + * = {0|*}+{0|0}= {0+*, ↑+0|*+*, 0+↑} = {*, ↑|0, ↑} 

Since  0< ↑, the game can be reduced to {*, ↑|0} 

But left’s move to ↑ is reversible since right can move back to star, in which left will move to 0 
in the star. So we can substitute ↑ by 0 and have G = ↑ + *= {*, 0|0}. 

Since both players have the winning strategy of moving the game to 0, G is fuzzy with zero. In 
the position of the board, whoever moves first wins the game.  

Then we tried to come up with the best strategy for each player to win. We should always try 
to avoid playing in numbers, and this rule also fits chilled values. It means that both white and 
black should play at DEFG first. Since game G and F cancel out, moves in these two games are 
all reversible, because the other player can move in the other game to make the situation same 
as before. For example, if black moves in game F, white can move in game G, so that they both 



Scientific Journal of Intelligent Systems Research                                                                                        Volume 4 Issue 8, 2022 

ISSN: 2664-9640                

206 

get four points and no one gains an advantage. Therefore, the important games are still D and 
E. 

If black moves first, he should move at * which is game D, so that white has to move on game E, 
making the sum of D and E *, which is fuzzy with zero. Since it is then black’s turn to move, he 
can win the game.  

If white moves first, he should move at ↑ which is game E, so that the sum of game D and E 
becomes *+* = 0, a first move win. Since it is then black’s turn to move, black loses and white 
wins. It makes no difference if he moves at game G and F first, but once these two subgames are 
finished,  he should return and play at E to win.  

5. Conclusion 

To sum up, this paper covers the basics of combinatorial game theory and its application in 
asian game Go. After analyzing a tight position using the techniques covered before, we find out 
the overall value of this game can be simplified to {*, ↑|0} and it is fuzzy with zero, which means 
whoever moves first wins the game. Finally, we work out the optimal playing strategy 
accordingly, which is moving at game D for black and game E for white.  
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