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Abstract 

In the case of non-coincidence in the center of the centroid and drive wheel axis, the 
trajectory tracking control problem of wheeled mobile robots is studied based on the 
kinematics model. Firstly, based on the kinematic model, a kinematics controller is 
designed to implement tracking of the ideal trajectory. Finally, the validity of the design 
controller is verified by MATLAB simulation experiment. 
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1. Introduction 

Recently, in many areas such as industrial, civil, national defense, logistics, medicine, etc. The 
wheel mobile robot (WMR) has been widely used due to the advantages of light weight, large 
load capacity, reliable, flexible, stable control, simple, etc. But the wheeled mobile robot is an 
uncertain nonlinear system [1]. When the WMR constrains the wheel’s “pure rolling without 
slipping,” it is also a typical kind of nonholonomic systems characterized by kinematic 
constraints [2]. Because there is a non-intact constraint that makes its tracking control problem 
with great challenging. In the past few decades, there has been tremendous research on the 
nonholonomic wheeled mobile robot.  

The trajectory tracking problem is one of the most popular problems on the WMR [3-5]. Y. 
Kanayama et al. proposed a stable tracking control law using Lyapunov direct method, and 
mentioned the uniformly asymptotically stable concept using Lyapunov's linearization method 
[6]. Track tracking control is designed under extreme coordinate system in [7]. The associated 
item of position error and direction angle error is introduced into the Lyapunov function and 
the controller is designed by this function in [8]. The system is linearized by Walsh [9] near the 
vicinity of the expected trajectory. SO, linear time-variable system control law is designed by 
him. And, there by achieving part tracking of the original system. The Backstepping method is 
used by Fierro R [10] adaptive tracking control of non-intact mobile robots, this controller 
design is simpler. To further improve the trajectory tracking control performance of wheeled 
mobile robots. Some scholars use nonlinear systems to control the control of wheeled mobile 
robots. A typical example is state feedback linearization control [11]. Rossomando F G [12] 
designed trajectory tracking control through a fuzzy system and neural network, the controller 
implements position tracking but ignored the attitude tracking. Variable structure control, 
fuzzy control, adaptive control is proposed in [13-15], these control laws are obtained by 
extension of [16]. In addition, In addition, sliding mode control can also design mobile robots 
controllers [17]. Controller can be designed by fuzzy neural network in [18-20]. There is an 
interference problem in three rounds of full-to-directional mobile robot trajectory, and the 
passive self-antisense controller is designed in [21]. 

Based on the previous results, this paper addresses the trajectory tracking problem for the 
WMR with parameter uncertainties. Firstly, based on the kinematic model, a new Lyapunov 
function is proposed [22]. Secondly, a kinematics controller is designed by using the function 
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to guarantee that the tracking error. Finally, effectiveness of the controller is verified by 
simulation. 

2. Problem Statements 

A typical example of a nonholonomic mobile robot is shown in Fig.1. The two front wheels of 
the robot are controlled independently by motors. By adjusting the respective input voltages of 
the drive wheel to reach the speed difference of the two front wheels, thereby realizing changes 
in the position of the mobile robot, thereby performing trajectory tracking control. The two rear 
wheels of the mobile robot are followed by the wheels, because there is no motor, so it only 
serves the role of the robot without changing the direction.  

The movement of the wheel mobile robot is pure rolling without slipping. This rolling 
constraint is manifested to limit the instantaneous speed of the wheel and the ground contact 
point, that is, the forward direction of the wheel mobile robot is always perpendicular to the 
axle, so therefore the robot is subject to the following non-complete constraints: 

ẋ sin θ − ẏ cos θ + dθ̇ = 0                                                                (1) 

The positional state of the wheel mobile robot is indicated by the position of its centroid P in 
the coordinate system and the navigation angle 𝜃.  

where (x y)  denotes the position P  of the center of mass, d  is the distance between the 
geometric center point and the mass center point of the robot, further d > 0  . The actual 
position of the wheeled mobile robot is the coordinates for P = [xc yc θc]T. Control law q =
[ν ω]T. They are control input in motion models and ν is the forward velocity while 𝜔 is the 
angular velocity of the robot. By the formula (1), the kinematics of the robot can be modeled by 
the following differential equations:  

[

xċ

yċ

θċ

] = [
cos θc −d sin θc

sin θc cos θc

0 1

] q                                                (2) 

where q = [ν ω]T.  

 
Figure 1: Model of wheeled mobile robot 

In this control system, two postures are used: the reference posture Pr = [xr yr θr]T, and the 
current posture Pc = [xc yc θc]T. We formulate the mobile robots with error state equations. 
Figure2. represents the concept of error posture.  
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Figure 2: The sketch map of posture error of mobile robot 

This is the difference between Pr and Pc:  

Pe = [

xe

ye

θe

] = [
cos θc sin θc 0

− sin θc cos θc 0
0 0 1

] [

xr − xc

yr − yc

θr − θc

]                                  ⑶ 

where Pe denotes track tracking error of mobile robots.  

We can conclude that Position error dynamic equation (4): 

pė = {

xė = yeω − ν + νr cos θe − dωr sin θe        
yė = −xeω − dω + dωr cos θe + νr sin θe

θė = ωr − ω                                                       

                             ⑷ 

Proof. Using Equation (1), (2) and taking the time derivative of (3) 
xė = (xṙ − xċ) cos θc + (yṙ − yċ) sin θc + [θċ(xr − xc) sin θc + θċ(yr − yc) cos θc] 

      = xṙ cos θc − xċ cos θc + yṙ sin θc − yċ sin θc + yeω 
      = yeω + xṙ cos θc + yṙ sin θc − (ν cos θc − ωd sin θc) cos θc − sin θc (ν sin θc + 
          ωd cos θc) 
      = yeω + xṙ cos θc + yṙ sin θc − ν 
      = yeω − ν + xṙ cos(θr − θe) + yṙ sin(θr − θe) 
      = yeω − ν + xṙ(cos θr cos θe + sin θr sin θe) + yṙ(sin θr cos θe − cos θr sin θe) 
      = yeω − ν + (xṙ cos θr + yṙ sin θr) cos θe + (xṙ sin θr − yṙ cos θr) sin θe 
      = yeω − ν + νr cos θe − dωr sin θe 

 

yė = − sin θc (xṙ − xċ) + cos θc (yṙ − yċ) − θċ cos θc (xr − xc) − θċ sin θc 
           (yr − yc) 
     = −xeω − xṙ sin θc + xċ sin θc + yṙ cos θc − yċ cos θc 
     = −xeω − dω − xṙ sin θc + yṙ cos θc 
     = −xeω − dω − xṙ sin(θr − θe) + yṙ cos(θr − θe) 
     = −xeω − dω − xṙ(sin θr cos θe − cos θr sin θe) + yṙ(cos θr cos θe + sin θr 
          sin θe) 
     = −xeω − dω − (xṙ sin θr − yṙ cos θr) cos θe + (xṙ cos θr + yṙ sin θr) sin θe 
     = −xeω − dω + dωr cos θe + νr sin θe 

 

θė = θṙ − θċ = ωr − ω 
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The trajectory tracking control problem studied in this paper can be converted to design the 
corresponding speed controller ν and ω, and the wheel mobile robot is at any initial value, and 
the tracking error can get better convergence. In other words, lim

t→∞
‖[xe ye θe]T‖ = 0. 

3. Design of controller 

The kinematic tracking controller for system (4) is designed: 

{
ν = νr cos θe − 2k3ω sin

θe

2
+ k1 (xe + 2d sin2 θe

2
)                       

ω = ωr + νr [
1

k2
(ye − d sin θe + 2k3 sin

θe

2
) cos

θe

2
+

1

k3
sin

θe

2
]

                        ⑸ 

where k1 > 0, k2 > 0, k3 > 0, νr > 0.  

Theorem 1 The control inputs given in (5) can guarantee the asymptotic convergence of the 
states of the closed loop system defined by (4) in the sense that. 

Proof. To prove Theorem 1, we consider a Lyapunov function candidate 
V = V1 + V2 + V3                                                                              ⑹ 

where V1 =
1

2
(xe + 2d sin2 θe

2
)

2

, V2 =
1

2
(ye − d sin θe + 2k3 sin

θe

2
)

2

 

and V3 = 4k2 sin2 θe

4
 

Using Equation (4), (5) and taking the time derivative of (6) we can conclude that 

V̇ = V1̇ + V2̇ + V3̇                                                                              ⑺ 
 

V1̇ = (xe + 2d sin2
θe

2
) (xė + dθė sin θe)    

 

     = A (yeω + 2k3ω sin
θe

2
− k1A − dω sin θe)   

 

     = −k1A2 + Aω (ye − d sin θe + 2k3 sin
θe

2
) 

 
     = −k1A2 + ABω                                                                             ⑻ 

 

V2̇ = (ye − d sin θe + 2k3 sin
θe

2
) (yė − dθė cos θe + k3θė cos

θe

2
) 

     = B (−xeω − dω + dω cos θe + νr sin θe + k3ωr cos
θe

2
+ k3ω cos

θe

2
) 

     = Bω(−xe − d + d cos θe) − k3 cos
θe

2
B (

νr

k2

cos
θe

2
B +

νr

k3

sin
θe

2
+ ωr) 

          +νr sin θe B + +k3ω cos
θe

2
B 

     = Bω (−xe − d + d (1 − 2 sin2
θe

2
)) − k3

νr

k2

cos2
θe

2
B2 +

1

2
νr sin θe B 

     = −ABω +
1

2
νr sin θe B − k3

νr

k2
cos2 θe

2
B2                              ⑼ 

 

V3̇ = k2θė sin
θe

2
= k2(ωr − ω) sin

θe

2
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      = k2ωr sin
θe

2
− k2 sin

θe

2
(

νr

k2
cos

θe

2
B +

νr

k3
sin

θe

2
+ ωr) 

      = −
1

2
νr sin θe B − k2

νr

k3
sin2 θe

2
                                                           ⑽ 

 

V̇ = −k1A2 − k3
νr

k2
cos2 θe

2
B2 − −k2

νr

k3
sin2 θe

2
≤ 0                                       ⑾ 

where A = xe + 2d sin2 θe

2
, B = ye − d sin θe + 2k3 sin

θe

2
 

Only xe = ye = sin
θe

2
= 0, Formula (11) is equal to zero. 

Definitely, V > 0 , consequently function V  is positive definite. The time derivative of V  is 
negative definite from Inequality (11). By using the Lyapunov Lemma, we could have 

lim
t→∞

A = lim
t→∞

(xe + 2d sin2 θe

2
) = 0                                              ⑿ 

lim
t→∞

B = lim
t→∞

(ye − d sin θe + 2k3 sin
θe

2
) = 0                                    ⒀ 

lim
t→∞

sin
θe

2
= 0                                                                 ⒁ 

Using Equation (14), we could have 

lim
t→∞

θe = 2kπ ⇔ lim
t→∞

θe = 0                                                    ⒂ 

Then, 

{
lim
t→∞

xe = 0

lim
t→∞

ye = 0
                                                                          ⒃ 

For the controller, the stability is proved using Lyapunov stability theory. 

4. Simulation 

In this section, a simulation will be provided to show the effectiveness of the proposed control 
strategy. We present an example to illustrate the effectiveness of the proposed design scheme. 
The simulation is implemented and its result is shown in Figure 3 and Figure 4, respectively.  

From Figures 3, the WMR's parameters in (2)  are given as d = 0 m ,in the simulation, the 
parameters of the controller are chosen as k1 = 2 , k2 = 0.5, k3 = 1.The initial position and 
orientation of the reference input P = [3 1 𝜋]T. 

      
Tracking track of circular expected          (b) Convergence curve of xe, ye and θe 

Figure 3: The results of kinematic tracking (d=0 m) 

From Figures 2, the WMR's parameters in (2) are given as d = 0.1m,in the simulation, the 
parameters of the controller are chosen as k1 = 0.7, k2 = 0.05, k3 = 1.The initial position and 
orientation of the reference input P = [2 1 𝜋]T.  
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Tracking track of circular expected          (b) Convergence curve of xe, ye and θe 

Figure 4: The results of kinematic tracking (d=0.1m)   

 

As shown in Figure 4, the tracking error are tend to zero as well. The effectiveness of the 
proposed controller is verified by the simulations.  

5. Conclusion  

In this paper, based on the kinematic model, a Lyapunov function is proposed.And a kinematics 
controller is designed by using the function to guarantee that the tracking error. Through 
Figures 3 and 4, we found that the parameter D affects the trajectory tracking of the mobile 
robot. However, the trajectory can be tracked, the error converge is not very good. In the future, 
we will consider the influence of disturbances on the system. 
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