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Abstract 

This paper analyzes the least-squares fitting algorithm with constraints for the over-
fitting problem of the least-squares fitting algorithm, and uses MATLAB software for the 
least-squares fitting algorithm with partial space constraints and constraints In order to 
make the algorithm get better results, the analysis implements the optimization of the 
relevant parameter values and the optimization of the function types and model 
selection. Finally, the cross-validation method is used to evaluate the generalization 
error. 
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1. Introduction 

Among the many algorithms of machine learning, the least square fitting algorithm is a very 
important basic algorithm[1][2][3]. However, for the learning process that includes noise, the 
simple least squares fitting algorithm often overfits, which is because the learning model is too 
complicated compared to the training sample. Therefore, this article will analyze the least 
squares fitting algorithm with constraints that can control the complexity of the model. Next, 
this paper uses MATLAB to compare and implement the least squares fitting algorithm with 
partial spatial constraints and the least squares fitting algorithm with constraints, and analyzes 
and optimizes the selection of relevant parameter values and the selection of function types 
and models. Finally, the cross-validation method is used to evaluate the generalization error. 

2. Partial Space Constraint Least Squares Fitting Algorithm 

Parametric linear model 
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In the general least squares fitting algorithm, since the parameters 1{ }b
j j =  can be set freely, so 

the entire parameter space (Fig. 1) ("LS") is used. The least-squares fitting algorithm with 
partial spatial constraints here prevents the overfitting phenomenon by limiting the parameter 
space to a certain range (Fig. 2). 

 

  ( )min
LS

J P



 =s.t.                                                                   (2) 

mailto:amigowan@163.com


Scientific Journal of Intelligent Systems Research                                                                                        Volume 2 Issue 01, 2020 

ISSN: 2664-9640                

42 

 

 
Fig 1. General least squares fitting algorithm 

 

 
Fig 2. Partial space constraint least squares fitting algorithm 

 

Here, P is b b  dimensional matrix satisfying 2 PP = and P P = , and represents the 
orthogonal projection matrix of the range R (P) of the matrix P. As shown in the Subspace-
Constrained LS in Fig. 3, by adding constraints such as Pθ = θ, the parameter θ will not be shifted 
outside the range of the range R (P). The solution of the least-squares fitting algorithm with 
partial space constraints is generally obtained by replacing the least-squares matrix Φ with ΦP. 

 
†y = P（ ）                                                                                (3) 

 

The Subspace-Constrained LS in Fig. 3 is the least-squares fitting algorithm for partial space 
constraints. It shows the implementation of partial space constraints using a linear model with 

a triangular polynomial
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function. The multiplication fitting algorithm uses the same data with LS in Fig. 3, but adds a 
condition that limits the parameters to a part of the space 

2 2 5 5
{1,sin ,cos ,sin ,cos , ,sin ,cos }

2 2 2 2 2 2

x x x x x x
. It can be seen from the results in the figure that 

with this setting, overfitting is reduced to a certain extent. Fig. 3 is a linear model based on a 
trigonometric basis polynomial as a basis function, using a comparison between the general 
least square fitting algorithm and the MATLAB program source code of a partial space-
constrained least square fitting algorithm. 
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Fig 3. The implementation of the least squares fitting algorithm for the linear model 

3. 2  constrained Least Squares Fitting Algorithm 

In the least-squares fitting algorithm with partial space constraints, only a part of the parameter 
space is used, but the orthogonal projection matrix P is set with a large degree of freedom, so it 

is very difficult to operate in practical applications. The 2  constrained least squares fitting 

algorithm analysis operation in this section is relatively simple and easy. 

 

2s.t.min LS RJ  


( )                                                           (4) 

 

As shown in Fig. 4, the 2  constrained least squares fitting algorithm uses the origin of the 

parameter space as the center and solves within a circle (generally a hypersphere) within a 
certain radius. R is the radius of the circle. 

 

               
Fig 4. Parameter space of 𝑙2 constraint least square fitting algorithm 

3.1. Lagrangian Duality 

Minimization of Constraint Conditions for Differentiable Convex Functions f: d RR → and g: 
d pRR →  
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Lagrangian duality, you can use Lagrangian multipliers 
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And Lagrange functions 
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Define it in the following way: 
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The solution of t for Lagrange's dual problem is consistent with the solution of the original 
problem. 

3.2. 2  constrained Least Squares Fitting Algorithm 

The solution to the optimization problem (Equation 4) can be obtained by using the Lagrangian 
dual problem [4] by solving the optimal problem of the following formula 
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The purpose of changing the Lagrangian multiplier   to / 2  here is to eliminate the 2 
produced when calculating the partial differentials related to θ. The radius R of the circle 
determines the solution of the Lagrangian multiplier   of the Lagrangian duality problem. If 

  is not determined according to R, but directly define  , then the 2  constrained least 

squares fitting algorithm solution   : 

( ) 2argmin
2LSJ
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The degree of fit to the training sample is expressed by the first term ( )LSJ   of the above 

formula, and the minimum value is obtained by combining with the second term 
2

2


 , so as 

to prevent overfitting to the training sample. 

If the objective function of equation (10) is partially differentiated with respect to the 

parameter θ and set to 0, the solution   of the 2  constrained least squares fitting algorithm 

can be obtained by the following equation: 

 

( )
1

I y 
−

 =  +                                                                 (11) 

 

Here, I is the identity matrix. From equation (11), it can be known that in the 2  constrained 

least squares fitting algorithm, the regularity of the matrix can be improved by adding the 

matrix    and I  , and then the inverse matrix can be solved more stably. Therefore, the 2  

regularized least squares fitting algorithm can also be called a 2  constrained least squares 

fitting algorithm. The regular term is the second term 2  in equation (10), and the 

regularization parameter is λ. In addition, 2  regularized least squares fitting algorithms are 

also called ridge regression in some works. 

If we first decompose the singular values of the matrix  : 
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Then you can use the following formula to represent the solution   of the 2  constrained least 

squares fitting algorithm. 
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If   is equal to 0, the general least squares fitting algorithm is almost the same as the 2  

constrained least squares fitting algorithm. When very small singular value k
К  is included, the 

calculation of the matrix   becomes difficult at this time, that is, 
2/ ( 1/ )k kk

К КК =  becomes a 

very large value, and the noise contained in the training output vector y becomes more. On the 
other hand, in order to achieve the purpose of preventing overfitting, a positive constant   can 

be added to the denominator 
2

kК of the 2  constrained least squares fitting algorithm, which 

can prevent 
2/ kk

КК +  from becoming too large. 

 

Given the following formula 
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It consists of a Gaussian kernel model, and the implementation of the 2  constrained least-

squares fitting algorithm with on the model is shown in (Fig. 5). In this example, the 
regularization parameter λ is set to 0.1 and the bandwidth h is set to 0.3. Comparing the two 
curves in the figure, it can be concluded that the reason why the overfitting phenomenon is well 
controlled is that the regular term λ is added. In Fig. 5, the general least squares fitting algorithm 

is represented by LS, and the 2  constrained least squares fitting algorithm is represented by 

L2-Constrained LS. The specific implementation is based on the MATLAB program Source code 

of the 2  constrained least squares fitting algorithm based on the Gaussian kernel model.  

 

 

Fig 5. The implementation of 2  constrained least squares fitting algorithm, with bandwidth h 

set to 0.3 and regularization parameter λ set to 0.1 

 

4. Model Selection 

Through the implementation of the least-squares fitting algorithm for part-space constraints 

and the implementation of the 2  constrained least-squares fitting algorithm, the learning 

process of least-squares alleviates the over-fitting phenomenon to a certain extent. However, 
both the orthogonal projection matrix P and the choice of the regularization parameter λ 
strongly influence these methods, and the practical application of these methods is restricted 
to a certain extent. Therefore, in order to obtain better results from the least-squares fitting 
algorithm with constraints, the selection of the values of P and λ is crucial. In addition, the 
selection of the type and number of the basic functions when using the linear model, and the 
selection of the type of the kernel function when using the kernel model also need to be 
optimized. 

Fig. 6 to 14 show the effects of changes in the regularization parameter λ and the bandwidth h 

on the final fitting results in a 2  constrained least squares fitting algorithm with a Gaussian 

kernel model. If the value of the bandwidth h is too small, the function of the final result will 
appear jagged; conversely, if the value of the regularization parameter λ is set too small, the 
overfitting phenomenon will become more obvious; and if the regularization parameter If the 
value of λ is set too large, the final result will be too close to a straight line and become 
underfitting; if the value of the bandwidth h is too large, the final result will appear too smooth. 
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In these examples, the more reasonable choices are shown in Fig. 10, λ = 0.1 and h = 0.3, but the 
optimal values of the regularization parameter λ and bandwidth h generally occur with the 
magnitude of the noise or the actual type of function Variety. Therefore, using different input 
training samples, it is necessary to choose the appropriate bandwidth and regularization 
parameters. 

 

  
Fig 6. (h,λ)=(0.03,0.0001)               Fig 7. (h,λ)=(0.03,0.1)  

 

 
Fig 8. (h,λ)=(0.03,100)                     Fig 9. (h,λ)=(0.3,0.0001)   

 

  
Fig 10. (h,λ)=(0.3,0.1)                    Fig 11. (h,λ)=(0.3,100)  
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Fig 12. (h,λ)=(3,0.0001)              Fig 13. (h,λ)=(3,0.1)  

 

 
Fig 14. (h,λ)=(3,100)  

 

As mentioned above, it is generally called model selection. That is, each parameter value 
included in the machine learning algorithm is determined by using different input training 
samples. This problem is a hot research area in machine learning and statistics. 

4.1. General Model Selection Process 

The general process of model selection: 

○1 Prepare candidates for the model 1, , kM M  

○2 Solve the learning results (1) ( ), , kff  of each model 1, , kM M   

○3 Evaluate the generalization error (1) ( ), , kG G  of each learning result (1) ( ), , kff . 

○4Select the model with the smallest generalization error (1) ( ), , kG G  as the final model. 

In this process, it is most important to evaluate the generalization error of the learning result 
in step ○3. For supervised learning, the memory input training samples are not the goal, but can 
also make correct prediction output for unknown test input samples. The processing power of 
the learning machine for unknown test input samples is called generalization, and the 
prediction error of the output of the unknown test sample is called generalization error. 

In the process of evaluating the generalization error, the generalization error does not have to 

be consistent with the training sample error. In fact, the minimum training squared error LSJ  

can be obtained through complex models, but such models often lead to over-fitting. In the 2  

constrained least squares learning method of the Gaussian kernel model, although the 
minimum training error can be obtained by setting the bandwidth h and the regularization 
parameter λ as small as possible, as shown in Fig. 6 to 14, this is not the best choice. 

Therefore, cross-validation is often used in practical applications [5]. In the cross-validation 
method, a part of the training sample is used as a test sample, and it is not learned, but only 
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used to evaluate the generalization error of the final learning result. A more accurate evaluation 
of the generalization error can be achieved by using a cross-validation method. 

4.2. Cross-Validation Method 

The following is the algorithm flow of the cross-validation method: 

○1 Randomly divide the training samples 1{ , }n
i i iT x y ==  into m(m is number) sets  1{ }m

i iT =   (the 

size should be basically the same). 

○2 Perform the following operations on the cycle 1, ,i m= . 

(a) Learning \ iT T  on training samples except iT  , and the learning result if  is solved. 

(b) The training samples iT  that were not involved in learning in the above process are used as 

test samples to evaluate the generalization error of if . 
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Here, | Ti | represents the number of training samples included in the set iT . In addition, sign 

(y) indicates the sign of the y value, that is, the sign of the y value. 
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○3 Average the evaluation values iG  of the generalization errors of each i to obtain the final 

evaluation value G  of the generalization errors. 
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In the cross-validation method that is divided into m sets, m times of learning is required. If the 
value of m is large, the problem of long calculation time will easily occur. However, because the 
learning processes for each set i = 1, ⋯, m are independent of each other, using m computers 
for parallel computing can perfectly solve this problem. Generally, m is set between 2 and 10. 
(The cross-validation method with the number of divisions m is also commonly referred to as 
m-fold cross-validation. The most commonly used is 10-fold cross-validation). 

As shown in Fig. 15, the Gaussian kernel model is used based on the data of Fig. 6 to 14. 
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An example of a 2  constrained least squares fitting algorithm performing cross-validation. In 

this example, the selection range of the bandwidth h is {0.03, 0.3, 3}, the selection range of the 
regularization parameter λ is {0.0001, 0.1, 1}, and the number of partitioned sets m is 5. It can 
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be seen from Fig. 15 that the generalization error predicted by the cross-validation method 
reaches the minimum when {(h,λ)=(0.3,0.1)}. As can be seen from Fig. 3-6 to Fig. 3-15, the more 
reasonable choice in this machine learning process is {h,λ=(0.3,0.1)}. 

 

 

Fig 15. Cross-validation of a 2  constrained least squares fitting algorithm using a Gaussian 

kernel model 

5. Conclusion 

This paper analyzes the least-squares fitting algorithm with constraints to resolve the 
overfitting problem of least squares fitting algorithm. The least-squares fitting algorithm with 

partial spatial constraints and 2  constrained least squares fitting algorithm are compared and 
implemented through MATLAB. In order to get better algorithm results, the analysis realizes 
the selection of relevant parameter values and the optimization of function types and model 
selection. Finally, the cross-validation method is used to evaluate the generalization error. 
Further research on robust constraint-fitting algorithms that are not susceptible to outliers can 
be carried out in the future. 
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